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Rational (Reciprocal) Function
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Cosecant Function
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REVISED LarsonPrecalculus.com
All companion website features have been

updated based on this revision, plus we have
added a new Collaborative Project feature. Access
to these features is free. You can view and listen to
worked-out solutions of Checkpoint problems in
English or Spanish, explore examples, download
data sets, watch lesson videos, and much more.

NEW Collaborative Project

You can find these extended group projects at
LarsonPrecalculus.com. Check your understanding
of the chapter concepts by solving in-depth, real-life
problems. These collaborative projects provide an
interesting and engaging way for you and other
students to work together and investigate ideas.

REVISED Exercise Sets

The exercise sets have been carefully and extensively examined to ensure they are rigorous
and relevant, and include topics our users have suggested. The exercises have been reorganized
and titled so you can better see the connections between examples and exercises. Multi-step,
real-life exercises reinforce problem-solving skills and mastery of concepts by giving you the
opportunity to apply the concepts in real-life situations. Error Analysis exercises have been
added throughout the text to help you identify common mistakes.

Table of Contents Changes

Based on market research and feedback from users, Section 6.5, The Complex Plane, has
been added. In addition, examples on finding the magnitude of a scalar multiple (Section 6.3),
multiplying in the complex plane (Section 6.6), using matrices to transform vectors

(Section 8.2), and further applications of 2 x 2 matrices (Section 8.5) have been added.

Chapter Opener

Each Chapter Opener highlights real-life applications used in the examples and exercises.

Section Objectives
A bulleted list of learning objectives provides you the opportunity
to preview what will be presented in the upcoming section.

Side-By-Side Examples
Throughout the text, we present solutions to many
examples from multiple perspectives—algebraically,

m Finding the Domain of a Composite Function

Find the domain of fe g for the functions

=9 md g = SIE graphically, and numerically. The side-by-side
Algebraic Solution Graphical Solution format of this pedagogical feature helps you to see
Find the composition of the functions. Use a graphing utility to graph fe° g. that a problem can be SOIVed in more than one Way
(= 9) = £(sx) . .
) and to see that different methods yield the same
1\‘ )9 -0 result. The side-by-side format also addresses many

=—x

different learning styles.

The domain of f° g is restricted to the x-values in the domain of g for which
g(x) is in the domain of f. The domain of f(x) = x> — 9 is the set of all real

e o S 1, S0 e doman o £ Remarks

oo e 1D 30U 5o determine (i the These hints and tips reinforce or expand upon
+/ Checkpoint | concepts, help you learn how to study mathematics,
Find the domain of f+ g for the functions /(x) = ¥ and g() = 2 + 4. o caution you about common errors, address special

cases, or show alternative or additional steps to a
solution of an example.




Checkpoints

Accompanying every example, the Checkpoint problems encourage
immediate practice and check your understanding of the concepts
presented in the example. View and listen to worked-out solutions of

the Checkpoint problems in English or Spanish at LarsonPrecalculus.com.

Technology

The technology feature gives suggestions for effectively using tools such
as calculators, graphing utilities, and spreadsheet programs to help deepen
your understanding of concepts, ease lengthy calculations, and provide
alternate solution methods for verifying answers obtained by hand.

Historical Notes
These notes provide helpful information regarding famous
mathematicians and their work.

Algebra of Calculus

Throughout the text, special emphasis is given to the algebraic
techniques used in calculus. Algebra of Calculus examples and
exercises are integrated throughout the text and are identified by
the symbol f

Summarize

The Summarize feature at the end of each section helps you organize
the lesson’s key concepts into a concise summary, providing you with
a valuable study tool.

Vocabulary Exercises

The vocabulary exercises appear at the beginning of the exercise set
for each section. These problems help you review previously learned
vocabulary terms that you will use in solving the section exercises.

% HOW DO YOU SEE IT? The graph

represents the height £ of a projectile after

Preface ix

Use a
graphing utility to check the
result of Example 2. To do
this, enter

Y1 = —(sin(X))?
and

Y2

sin(X)(cos(X))?
— sin(X).

Select the line style for Y1

and the path style for Y2, then
graph both equations in the

same viewing window. The two
graphs appear to coincide, so it
is reasonable to assume that their
expressions are equivalent. Note
that the actual equivalence of the
expressions can only be verified
algebraically, as in Example 2.
This graphical approach is only
to check your work.

How Do You See It?
t seconds. The How Do You See It? feature in each section
presents a real-life exercise that you will solve by

Height (in feet)

0510152025
Time (in seconds)

(a) Explain why 4 is a function of 7.

(b) Approximate the height of the projectile
after 0.5 second and after 1.25 seconds.

(c) Approximate the domain of 4.
(d) Is ¢ a function of h? Explain.

visual inspection using the concepts learned in the
lesson. This exercise is excellent for classroom
discussion or test preparation.

Project

The projects at the end of selected sections involve
in-depth applied exercises in which you will work
with large, real-life data sets, often creating or
analyzing models. These projects are offered online
at LarsonPrecalculus.com.

Chapter Summary
The Chapter Summary includes explanations and
examples of the objectives taught in each chapter.
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2 Chapter 1

Functions and Their Graphs

1.1 Rectangular Coordinates

The Cartesian plane can help you
visualize relationships between
two variables. For example, in
Exercise 37 on page 9, given
how far north and west one city
is from another, plotting points
to represent the cities can help
you visualize these distances and
determine the flying distance
between the cities.

Figure 1.3

# Plot points in the Cartesian plane.

# Use the Distance Formula to find the distance between two points.
# Use the Midpoint Formula to find the midpoint of a line segment.
B Use a coordinate plane to model and solve real-life problems.

The Cartesian Plane

Just as you can represent real numbers by points on a real number line, you can
represent ordered pairs of real numbers by points in a plane called the rectangular
coordinate system, or the Cartesian plane, named after the French mathematician
René Descartes (1596—-1650).

Two real number lines intersecting at right angles form the Cartesian plane, as
shown in Figure 1.1. The horizontal real number line is usually called the x-axis, and
the vertical real number line is usually called the y-axis. The point of intersection of
these two axes is the origin, and the two axes divide the plane into four quadrants.

y-axis y-axis
Quadrant IT 1 Quadrant I
z*\(Vertical Directed distance
Origin 17 "number line) NG
~ :‘—|—0—0—> X-axis | 1 ( y)
-3 -2 -1 1/ 2 3 e
-1+ (Horizontal ] ! Directed
_,.| number line) B Y ( distance )
Quadrant II1 sl Quadrant IV o A
Figure 1.1 Figure 1.2

Each point in the plane corresponds to an ordered pair (x, y) of real numbers x and
v, called coordinates of the point. The x-coordinate represents the directed distance
from the y-axis to the point, and the y-coordinate represents the directed distance from
the x-axis to the point, as shown in Figure 1.2.

Directed distance
from x-axis

A

Directed distance ( )
from y-axis Xy

N

The notation (x, y) denotes both a point in the plane and an open interval on the real
number line. The context will tell you which meaning is intended.

EXAMPLE 1 Plotting Points in the Cartesian Plane

Plot the points (—1, 2), (3, 4), (0, 0), (3, 0), and (-2, —3).

Solution To plot the point (—1, 2), imagine a vertical line through —1 on the
x-axis and a horizontal line through 2 on the y-axis. The intersection of these two lines
is the point (— 1, 2). Plot the other four points in a similar way, as shown in Figure 1.3.

\/ Checkpoint &

Plot the points (=3, 2), (4, —2), (3, 1), (0, —2), and (—1, —2). [ |

Fernando Jose V. Soares/Shutterstock.com
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Spreadsheet at LarsonPrecalculus.com g

Year, ¢ Subscribers, N
2005 207.9
2006 233.0
2007 255.4
2008 270.3
2009 285.6
2010 296.3
2011 316.0
2012 326.5
2013 335.7
2014 3554

The

scatter plot in Example 2 is
only one way to represent the
data graphically. You could
also represent the data using a
bar graph or a line graph. Use
a graphing utility to represent
the data given in Example 2
graphically.

1.1 Rectangular Coordinates 3

The beauty of a rectangular coordinate system is that it allows you to see
relationships between two variables. It would be difficult to overestimate the
importance of Descartes’s introduction of coordinates in the plane. Today, his ideas are
in common use in virtually every scientific and business-related field.

Sketching a Scatter Plot

The table shows the numbers N (in millions) of subscribers to a cellular
telecommunication service in the United States from 2005 through 2014, where ¢
represents the year. Sketch a scatter plot of the data. (Source: CTIA-The Wireless
Association)

Solution To sketch a scatter plot of the data shown in the table, represent each
pair of values by an ordered pair (f, N) and plot the resulting points. For example, let
(2005, 207.9) represent the first pair of values. Note that in the scatter plot below, the
break in the t-axis indicates omission of the years before 2005, and the break in the
N-axis indicates omission of the numbers less than 150 million.

Subscribers to a Cellular
Telecommunication Service

400
350 o
300 °

250 o

200 o

150

(in millions)
°

Number of subscribers

| | | | | | | | | | t

T T T T T T T T T T
2005 2006 2007 2008 2009 2010 2011 2012 2013 2014
Year

\/ Checkpoint &

The table shows the numbers N (in thousands) of cellular telecommunication service
employees in the United States from 2005 through 2014, where ¢ represents the year.
Sketch a scatter plot of the data. (Source: CTIA-The Wireless Association)

T

| 2005 | 2331
2| 2006 | 2538
2| 2007 | 266.8
2l 2008 268.5
2| 2009 | 2492
2| 2010 | 2504
2] 2011 238.1
2| 2012 230.1
| 2013 230.4
2014 | 2322 i

In Example 2, you could let + = 1 represent the year 2005. In that case, there
would not be a break in the horizontal axis, and the labels 1 through 10 (instead of 2005
through 2014) would be on the tick marks.
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Functions and Their Graphs

The Pythagorean Theorem and The Distance Formula

The Pythagorean Theorem is used extensively throughout this course.

Pythagorean Theorem

For a right triangle with hypotenuse length ¢ and sides lengths a and b, you
have a®> + b?> = ¢?, as shown in Figure 1.4. (The converse is also true. That is,
if a®> + b?> = ¢?, then the triangle is a right triangle.)

Using the points (x,, y,) and (x,, y,), you can form a right triangle, as shown in
Figure 1.5. The length of the hypotenuse of the right triangle is the distance d between
the two points. The length of the vertical side of the triangle is |y, — y,| and the length
of the horizontal side is |x, — x,|. By the Pythagorean Theorem,

d* = |x2 - x1|2 + |Y2 - Y1|2

d= |x2 —x1|2 + |)’z _Y1|2

2

= (xz - xl)z + (Y2 - )’1) .

This result is the Distance Formula.

The Distance Formula

The distance d between the points (x,, y,) and (x,, y,) in the plane is

d= (x, — x>+ (y, — y)%

EXAMPLE 3 Finding a Distance

Find the distance between the points (—2, 1) and (3, 4).

Algebraic Solution

Let (x;,y,) =(=2,1) and (x,,y,) = (3,4). Then apply the

Distance Formula.
d= \/(xz —x)+ (v, — )
=J/B-(2F+@-17
- JOF T OF
- /@

~ 5.83

Graphical Solution

Use centimeter graph paper to plot the points A(—2, 1)

and B(3, 4). Carefully sketch the line segment from A
to B. Then use a centimeter ruler to measure the length

Distance Formula

Substitute for x;, y,, x,, and y,.
Simplify.

Simplify.

Use a calculator.

So, the distance between the points is about 5.83 units.

Check
2Lz
(V3aP L 52+ 32
34 = 34

\/ Checkpoint =

Pythagorean Theorem
Substitute for d.

Distance checks. v/

of the segment.

The line segment measures about 5.8 centimeters. So,
the distance between the points is about 5.8 units.

Find the distance between the points (3, 1) and (—3, 0).
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1.1 Rectangular Coordinates 5

Verifying a Right Triangle

Show that the points
2,1, 40),

are vertices of a right triangle.

and (5,7)

Solution The three points are plotted in Figure 1.6. Using the Distance Formula, the
lengths of the three sides are

d=JGB-22+7—-172= /9 +36= 45,
dy=JA-22+0—-12=J4+1= 5, and
dy=J5—42+ (7 -02=J1+49= /50

Because (d,)? + (d,)*> = 45 + 5 = 50 = (d;)?, you can conclude by the converse of
the Pythagorean Theorem that the triangle is a right triangle.

‘/ Checkpoint ]

Show that the points (2, —1), (5, 5), and (6, —3) are vertices of a right triangle.

The Midpoint Formula

To find the midpoint of the line segment that joins two points in a coordinate plane,
find the average values of the respective coordinates of the two endpoints using the
Midpoint Formula.

The Midpoint Formula

The midpoint of the line segment joining the points (x,, y,) and (x,, y,) is

. . x1+x2y1+y2>
Mid t=|—7—7—").
idpoin < )

For a proof of the Midpoint Formula, see Proofs in Mathematics on page 110.

Finding the Midpoint of a Line Segment

Find the midpoint of the line segment joining the points
(=5,-3) and (9,3).
Solution Let (x,,y,) = (=5, —3) and (x,, y,) = (9, 3).

L X, +tx, yyty
Midpoint = (172, ITZ Midpoint Formula
<75+9f3+3> Substinte .
= s stitut
) ) ubstitute for x;, y,, x,, and y,
=(2,0) Simplify.

The midpoint of the line segment is (2, 0), as shown in Figure 1.7.

\/ Checkpoint ]
Find the midpoint of the line segment joining the points

(—2,8) and (4, —10).
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Football Pass
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Figure 1.9

Applications

Finding the Length of a Pass

A football quarterback throws a pass from the 28-yard line, 40 yards from the sideline.
A wide receiver catches the pass on the 5-yard line, 20 yards from the same sideline, as
shown in Figure 1.8. How long is the pass?

Solution The length of the pass is the distance between the points (40, 28) and (20, 5).

d= V0, —x)+ (y, — ) Distance Formula
= /(40 — 20)> + (28 — 5)2 Substitute for x,, y;, x,, and y,.
= /207 + 237 Simplify.
= /400 + 529 Simplify.
= /929 Simplify.

= 30 Use a calculator.

So, the pass is about 30 yards long.

\/ Checkpoint ]

A football quarterback throws a pass from the 10-yard line, 10 yards from the sideline.
A wide receiver catches the pass on the 32-yard line, 25 yards from the same sideline.
How long is the pass? |

In Example 6, the scale along the goal line does not normally appear on a football
field. However, when you use coordinate geometry to solve real-life problems, you are
free to place the coordinate system in any way that helps you solve the problem.

VN8 Estimating Annual Sales

Starbucks Corporation had annual sales of approximately $13.3 billion in 2012 and
$16.4 billion in 2014. Without knowing any additional information, what would you
estimate the 2013 sales to have been? (Source: Starbucks Corporation)

Solution Assuming that sales followed a linear pattern, you can estimate the 2013
sales by finding the midpoint of the line segment connecting the points (2012, 13.3)
and (2014, 16.4).

x, +x +
Midpoint = ( : 2, i y2> Midpoint Formula
2 2
2012 + 2014 13.3 + 164 ) ‘
= ) y ) Substitute for x,, x,, y,, and y,.
= (2013, 14.85) Simplify.

So, you would estimate the 2013 sales to have been about $14.85 billion, as shown in
Figure 1.9. (The actual 2013 sales were about $14.89 billion.)

‘/ Checkpoint ]

Yahoo! Inc. had annual revenues of approximately $5.0 billon in 2012 and $4.6 billion
in 2014. Without knowing any additional information, what would you estimate the
2013 revenue to have been? (Source: Yahoo! Inc.) [ |



Much of computer
graphics, including this

computer-generated tessellation,

consists of transformations of
points in a coordinate plane.
Example 8 illustrates one type
of transformation called a
translation. Other types include
reflections, rotations, and
stretches.

1.1 Rectangular Coordinates 7

24N JRF: M Translating Points in the Plane

See LarsonPrecalculus.com for an interactive version of this type of example.

The triangle in Figure 1.10 has vertices at the points (—1, 2), (1, —2), and (2, 3). Shift
the triangle three units to the right and two units up and find the coordinates of the
vertices of the shifted triangle shown in Figure 1.11.

y y
SAV
4
(_1’ 2)** L ] (2’ 3)
o -
R S A S |
-1 N1/ 23 45 6 7 2-1 | 1 23 4567
2 e (1,-2) 2t

Figure 1.10 Figure 1.11

Solution To shift the vertices three units to the right, add 3 to each of the
x-coordinates. To shift the vertices two units up, add 2 to each of the y-coordinates.

Original Point Translated Point

(—1,2) (-1+3,2+2)=(2,4)
(1,-2) (1+3,-2+2)=(4,0)
2,3) 2+3,3+2) =(5,5)
\/ Checkpoint &
Find the coordinates of the vertices of the y
parallelogram shown after translating it two 7+
units to the left and four units down. 61 (3,6)
5 4=
4 -4

3 =4
2+ (3,2)
1 -4

_1*1\2345678
-2+ (1,0 |

The figures in Example 8 were not really essential to the solution. Nevertheless,
you should develop the habit of including sketches with your solutions because they
serve as useful problem-solving tools.

Summarize (Section 1.1)

1. Describe the Cartesian plane (page 2). For examples of plotting points in the
Cartesian plane, see Examples 1 and 2.

2. State the Distance Formula (page 4). For examples of using the Distance
Formula to find the distance between two points, see Examples 3 and 4.

3. State the Midpoint Formula (page 5). For an example of using the Midpoint
Formula to find the midpoint of a line segment, see Example 5.

4. Describe examples of how to use a coordinate plane to model and solve
real-life problems (pages 6 and 7, Examples 6-—8).

Matt Antonino/Shutterstock.com
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1.1 Exercises

see CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.

Vocabulary: Fill in the blanks.

1. An ordered pair of real numbers can be represented in a plane called the rectangular coordinate system

or the plane.
2. The x- and y-axes divide the coordinate plane into four
3. The

is derived from the Pythagorean Theorem.

4. Finding the average values of the respective coordinates of the two endpoints of a line segment in a

coordinate plane is also known as using the

Skills and Applications

[=134[=] Plotting Points in the Cartesian Plane
. ~ In Exercises 5 and 6, plot the points.

O
5. (2.4), (3, —1).(=6,2), (—4,0). (1, —8), (1.5, —3.5)
6. (1,-5), (=2, —-7), (3,3), (~2,4), (0,5, 33)

Finding the Coordinates of a Point In Exercises 7
and 8, find the coordinates of the point.

7. The point is three units to the left of the y-axis and four
units above the x-axis.

8. The point is on the x-axis and 12 units to the left of the
y-axis.

¥[E] Determining Quadrant(s) for a Point
~ In Exercises 9-14, determine the quadrant(s)
in which (x, y) could be located.

10. x < O0andy <0

12. x < Oandy =7

14. xy > 0

x>0andy <0
11. x = —4andy > 0
13. x+y=0,x#0,y#0

-I[®] Sketching a Scatter Plot In Exercises
% 15 and 16, sketch a scatter plot of the data
shown in the table.

[4

15. The table shows the number y of Wal-Mart stores
for each year x from 2008 through 2014. (Source:
Wal-Mart Stores, Inc.)

DATA Year, x Number of Stores, y

| 2008 7720
Z| 2009 8416
:_ 2010 8970
Z£ 2011 10,130
2zl 2012 10,773
)
2013 10,942
2014 11,453

16. The table shows the lowest temperature on record y (in
degrees Fahrenheit) in Duluth, Minnesota, for each month
x, where x = 1 represents January. (Source: NOAA)

DATA Month, x Temperature, y

- 1 -39
2 —39
3 3 -29
C_ 4 -5
5 17
= 6 27
i 7 35
E 8 32
& 9 2
10 8
11 —-23
12 —34

[=l(#:[=] Finding a Distance In Exercises 17-22,
; find the distance between the points.
[=]

17. (=2, 6), (3, —6)
19. (1,4), (—5,-1)
21 (53). 2 -1

[=l*#i[Em] Verifying a Right Triangle In Exercises
~ 23 and 24, (a) find the length of each side of

18. (8, 5), (0, 20)
20. (1,3), (3, —2)
22. (9.5, —2.6), (3.9, 8.2)

'E the right triangle, and (b) show that these
lengths satisfy the Pythagorean Theorem.
23. » 24, v

9.4

1l
T

(C))

X

%
8 (13,0) TELD 608

The symbol % and a red exercise number indicates that a video solution can be seen at CalcView.com.
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E* [1] Verifying a Polygon In Exercises 25-28,
% show that the points form the vertices of the

’ polygon.

25. Right triangle: (4, 0), (2, 1), (=1, =5)
26. Right triangle: (—1, 3), (3, 5), (5, 1)

27. Isosceles triangle: (1, —3), (3, 2), (=2, 4)
28. Isosceles triangle: (2, 3), (4,9), (—2,7)

[=] Plotting, Distance, and Midpoint In
% Exercises 29-36, (a) plot the points, (b) find the
distance between the points, and (c) find the
midpoint of the line segment joining the points.
29. (6, —3), (6, 5) 30. (1,4), (8,4)

31. (1,1),(9,7) 32. (1, 12), (6, 0)

33. (—1,2),(5,4) 34. (2,10), (10, 2)

35. (—16.8,123), (5.6,49)  36. (5 1), (-3 9)

"37,F|yingDistance © © 06 0o 06060606 06 0 06 0 0 0 0 o

An airplane flies from
Naples, Italy, in a
straight line to Rome,
Italy, which is

120 kilometers north
and 150 kilometers
west of Naples. How
far does the plane fly?

38. Sports A soccer player passes the ball from a point
that is 18 yards from the endline and 12 yards from the
sideline. A teammate who is 42 yards from the same
endline and 50 yards from the same sideline receives
the pass. (See figure.) How long is the pass?

%\ 50 =—
S 40

& 30

[}

8 2

s

Z 10

A

10 20 30 40 50 60
Distance (in yards)

39. Sales The Coca-Cola Company had sales of $35,123
million in 2010 and $45,998 million in 2014. Use the
Midpoint Formula to estimate the sales in 2012. Assume
that the sales followed a linear pattern. (Source: The
Coca-Cola Company)

40. Revenue per Share The revenue per share for
Twitter, Inc. was $1.17 in 2013 and $3.25 in 2015. Use
the Midpoint Formula to estimate the revenue per share
in 2014. Assume that the revenue per share followed a
linear pattern. (Source: Twitter, Inc.)

Fernando Jose V. Soares/Shutterstock.com
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Translating Points in the Plane In Exercises 41-44,
find the coordinates of the vertices of the polygon after
the given translation to a new position in the plane.

41.

43. Original coordinates of vertices: (—7, —2), (—2,2),
(—2,—4), (=7, —4)
Shift: eight units up, four units to the right

44. Original coordinates of vertices: (5, 8), (3, 6), (7, 6)
Shift: 6 units down, 10 units to the left

45. Minimum Wage Use the graph below, which
shows the minimum wages in the United States (in

dollars) from 1950 through 2015. (Source: U.S.
Department of Labor)

£ s

° 7+ e

£ o] % I

N 5__

2 ] —

= . —T

g 2 -"rr

£ —

E NA———"F——F—F—F—F—F——F—+—

1950 1960 1970 1980 1990 2000 2010

Year

(a) Which decade shows the greatest increase in the
minimum wage?

(b) Approximate the percent increases in the minimum
wage from 1985 to 2000 and from 2000 to 2015.

(c) Use the percent increase from 2000 to 2015 to
predict the minimum wage in 2030.

(d) Do you believe that your prediction in part (c) is
reasonable? Explain.

46. Exam Scores The table shows the mathematics
entrance test scores x and the final examination scores
y in an algebra course for a sample of 10 students.

x | 221293540 |44 | 48 |53 | 58 | 65 | 76

y [ 53|74 |57 166|799 |76 |93 |83 |99

(a) Sketch a scatter plot of the data.

(b) Find the entrance test score of any student with a
final exam score in the 80s.

(c) Does a higher entrance test score imply a higher
final exam score? Explain.
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